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Abstract We discuss relations between certain invariants of varieties in positive charac-
teristic, like the a-number and the height of the Artin-Mazur formal group. We calculate the
a-number for Fermat surfaces.
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1 Introduction

Algebraic varieties in positive characteristic possess special invariants that have no analogue
in characteristic 0. In this paper we consider three such invariants related to the cohomology
groups H" with n equal to the dimension of the variety. The cohomology of varieties in
positive characteristic was studied in foundational work by Serre, Artin-Mazur, Katz, [1lusie
and Raynaud, Ogus and others.

The first invariant we study, the a-number that we introduced in [7], registers where
the image of Frobenius acting on H" (X, Ox) lands in the Hodge filtration of Hjj (X). For
abelian varieties it coincides with the a-number defined by Oort. The second one is the
height 4 (X) of the Artin-Mazur formal group, which is an infinitesimal invariant related to
the étale cohomology group H, (X, G,). The third, baptised the b-number b(X), is related
to H* (X, B;) with B; the sheaves of exact 1-forms defined by Illusie.

These invariants are related in subtle ways. For example one has the relation
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112 G. van der Geer, T. Katsura

h(X) = b(X) + pg(X),
which follows from work of Serre [19]. In case b(X) < oo we prove the basic estimate
b(X) < dimH"" (X, @L).

Furthermore we prove that if b(X) < oo then a(X) = 0 or a(X) = 1 and we show that
a(X) =0 if and only if b(X) = 0. As an example we calculate the a-number for Fermat
surfaces.

Throughout this paper k denotes an algebraically closed field of characteristic p > 0 and
all varieties considered are complete and non-singular.

2 The a-number

Let X be a complete non-singular variety of dimension n over k. The de Rham cohomology
of X is the hypercohomology of the complex (25, d). We are interested in the n-th de Rham
cohomology group and its Hodge filtration

X)) =F'D>F' >...>F 2 (0).
We shall assume in this section that the Hodge-to-de Rham spectral sequence
EY) =H/ (X, Q) = HY (X)

degenerates at the Ej-level. (This condition is for example fulfilled if the characteristic p
satisfies p > n and if X can be lifted to the Witt ring W> (k) of length 2, cf. Deligne-Illusie
[4].) We also assume that the conjugate spectral sequence degenerates at the E»-term. In this
case the graded pieces are

H"(X, Ox) = FO/F, H"1(X, Qb)) = Fl/F?, ... HO (X, Q%) = F".

We have a Frobenius morphism F acting on Hjj, (X); it acts by 0 on F! and it induces a
homomorphism

F:H"(X,0x) = F'/F! — HI(X).

By Katz [12], (2.3.4.1), this induced homomorphism is injective.
In [7] we introduced an invariant called the a-number as follows.

Definition 2.1 The a-number of the variety X is defined by
a(X) = max{i : dm F) NF' # (0)}.
Note that 0 < a(X) < n = dim(X).
For an abelian variety X Oort defined in [17] the a-number a(X) by
a(X) = dimy Hom(a, X),

with «, the local-local group scheme (that is, the kernel of Frobenius acting on the addi-
tive group G,). Since End(a,) = k we can view Hom(«, X) as a right vector space
over k. The union of all the images of the group scheme homomorphisms o, — X is the
maximal subgroup scheme A(X) of X[p] annihilated by the operators F' (Frobenius) and
V' (Verschiebung) on the kernel X[p] of multiplication by p. Then this a-number is
log,, ord A(X). The Dieudonné module of X[p] can be identified with HéR(X) and the
Dieudonné module of A(X) can be identified with the kernel of V acting on HO(X, Q}(),
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Invariants in positive characteristic 113

the kernel of F. Since ker V = Im F Oort’s a-number equals the dimension of the image of
F (acting on Hlp (X)) in HO(X, @4):

dimy Hom(a,, X) = dim H(X, Q%) N (Im F).

We showed in [7] that for an abelian variety our definition of the a-number that involves
Hjjg (X) agrees with Oort’s definition that involves HéR(X ). For the reader’s convenience we
recall the proof.

Proposition 2.2 For an abelian variety X / k the two definitions of the a-number agree.

Proof Recall that Hip (X) = A"Hlx (X) and if we write Hiz (X) = Vi @ V, with V} =
HO(X, Qi() and V, a complementary subspace. The Hodge filtration on Hjjp (X) is F" =
> N VI®A"IVa. Wehave F(H (X, Ox)) = F(A"H' (X, Ox)) = A" F(H' (X, Ox)).
If we write F(H'(X, Ox)) = A ® B with A the intersection with HO(X, Q}() and B a
complementary space, then A"(A @ B) = nga ANA® A"/B with a = dim(A). It

follows that F (H" (X, Ox)) lies in F4, but not in F4+1, O

The a-number is just one of the invariants that can be associated to the relative position
of the Hodge filtration and the conjugate filtration on Hjj (X), cf. [7,14].

3 The h-number

For a non-singular proper variety X/ k of dimension n one can consider the formal completion
of the Picard group. For any local artinian scheme S with residue field k its S-valued points
are given by the exact sequence

0 — Pic(X)(S) = HL (X x S.G,,) - HL (X, G,).

where G, denotes the multiplicative group. This invariant provides interesting information,
for example for elliptic curves in positive characteristic. This idea was generalized by Artin
and Mazur to the higher cohomology groups in [2]. Let C the category of Artinian local
algebras (R, m) over k with maximal ideal m such that R/m = k, and denote by A the
category of abelian groups. We consider the covariant functor &y = dDE?) :C — A
defined by

®x(R) = ker(H (X x« Spec R, G,) — HL (X, Gy,))

for R an object in C. Here HJ, (X, G,,) denotes the n-th étale cohomology group with values
in the multiplicative group G,,, and X — X X Spec R is the natural immersion. When
the functor ®x is pro-representable by a formal Lie group, we call the formal Lie group an
Artin-Mazur formal group. (For recent results about the pro-representability of & we refer
to [3]). We also denote by ®x the formal Lie group. The tangent space of ®x is given by
H" (X, Ox) (cf. Artin and Mazur [2]). If ®x is pro-representable by a formal Lie group
we denote by /(X) the height of the corresponding formal Lie group ®x and call 2(X) the
h-number of X.

This ~A-number is a special invariant in positive characteristic and /(X)) is either a positive
integer or co. For example, in the case of an elliptic curve the ~-number assumes the values
1 or 2 depending on whether the elliptic curve is ordinary or supersingular; for a K3 surface
X we know that either 1 < h(X) < 10 or h(X) = oo, the latter if ®x is the additive group
G, cf. work of Artin and Mazur [1,2].
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114 G. van der Geer, T. Katsura

4 The b-number

Let X be a complete non-singular variety over k. Following Illusie [10] we define sheaves of
additive groups By = 0, B; = dOx and Zy = Q} and Z' = ker(Q} LN ©%). Using the
Cartier operator

.71 1
C:7Z — Qy

we can define inductively sheaves for j > 2 by taking the inverse image under the Cartier
operator

z/=c\(Z/7h,
Bj = C~'(Bj-)).

. Y . .
These can be viewed as O;p )_modules or via some power of Frobenius as Ox-modules.
Since B C Z I we get a filtration

0=ByCB CByC---CBCc---cZ c--.cz'cz’=q}.

Recall that the sheaf B; admits a description in terms of Witt vector cohomology by the Serre
differential D; : W;(Ox) — B; given by

i—1_ i—2_ _
(ao, ...,ai—) — af ldao—l—a{7 Yda +---+al-p_21dai_2+dai_1.
This map D; induces an isomorphism
Wi(Ox)/FWi(Ox) = Bi,

where F is the Frobenius operator, cf. Serre [19]. The cohomology of these sheaves B; and
Z' leads to interesting invariants. One example is:

Definition 4.1 The b-number of X is b(X) = max;>; dimH" (X, B;).
By the exact sequence
0— B — BH_li)Bi -0
we have a surjective homomorphism
C :H"(X, Bi+1) — H"'(X, B)),

which gives a projective system {C, H" (X, B;)} and we may reformulate the definition of
b(X) as

b(X) = dimlimH" (X, B)).

The b-number can be related to the action of Frobenius on Witt vector cohomology
as follows, cf. Illusie [11], relation (2.2.2) on page 609 together with the vanishing of
H™ (X, W(Ox)). We give a short proof.

Proposition 4.2 We have b(X) = dim; H* (X, W(Ox))/FH"(X, W(Ox)).

Note that H* (X, W(Ox))/FH" (X, W(Oy)) is a vector space over W (k)/pW (k) = k.
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Invariants in positive characteristic 115

Proof We have the commutative diagram (with exact rows)

i+1

D
00— Wit 1(Ox) —— W;11(Ox) Bi+1 0

N

0 —— W;(Ox) — W;(Ox) B; 0

and a map of exact sequences

H" (X, W;11(Ox)) —— H"(X, Wi11(Ox)) — H"(X, Bi11) —= 0
H" (X, W; (Ox)) ——— H"(X, W;(Ox)) — H"(X, B;) —> 0

The projective system {R : H*(X, W;+1(Ox)) — H"(X, W;(Ox))} satisfies the Mittag-
Leffler condition, and by taking the projective limit we obtain an exact sequence

H' (X, W(Ox)) —> H"(X, W(Oyx)) —> limH"(X, B;) — 0,

and this gives us the desired conclusion. O

Another characterization of the b-number uses the same short exact sequence and the
induced long exact cohomology sequence.

Proposition 4.3 We have b(X) = max;>| dim H*~'(X, B;)/Im D;.
Proof From the long exact cohomology sequence we get the exact sequence
0 — H'"(X, B)/Im D; — H"(X, W;(Ox)) = H"(X, W; (Ox))

LoHX.B) > 0.

Looking at the lenghts of these W; (k)-modules, we observe

dimH""'(X, B;)/Im D; = dimH" (X, B;).

5 An inequality for the b-number

We now will prove a basic inequality for the b-number.
Theorem 5.1 Ifb(X) < oo then b(X) < dimH"~1(X, Q}).

In [11] Illusie proves a related result (Cor. 4.3 p. 621) under stronger conditions, namely
assuming that H"~1 (X, WQ') is without p-torsion and H" (X, W©) has no F-torsion.

Example 5.2 A supersingular Enriques surface in characteristic 2 provides an example where
our theorem applies and Illusie’s result does not. Note that in this case H2(X, W(Ox)) has
F-torsion (cf. [11], Prop 7.3.2 on p. 655). On the other hand, consider the exact sequence

0— OX — Wz(Ox) — OX — 0.
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116 G. van der Geer, T. Katsura

Since the Bockstein operator H! (X, Ox) — H2(X, Oy) is an isomorphism (cf. [11], p. 655,
just above Cor. 7.3.3) and H!(X, Ox) = H2(X, Ox) = k, we find that

R : HX(X, W2(Ox)) — H2(X, Ox)

is an isomorphism. Now R : HY(X, Wit1(Ox)) — H!(X, O) vanishes since it factors
through the zero map R : H' (X, W»(Ox)) — H!(X, Ox) and in the notation of Mumford
[15], p. 195, we have Z?’l = (0) for all r > 2. Using the exact sequence

0 — W;(Ox) —> Wi1(Ox) =5 0y — 0

and induction we obtain isomorphisms k =~ H!(X, Ox) ~ H%(X, W;(Ox)) and we see
that R’ : H2(X, Wit1(Ox)) — H2(X, Ox) ~ k is an isomorphism. We thus obtain that
dim H2(X, W;(Ox)) = 1. From the exact sequence

0—)(’)){4@){—)31—)0

and the fact that F is zero on H2(X, Ox) we learn that dim H2(X, B1) = 1. By the exact
sequence

0 — Wi(Ox) - Wi 0x) % B, - 0

we see that dimH2(X, B;) < dimH%(W;(Ox)) = 1 and the Cartier operator C
H2(X, B;) — HX(X, B;_) is surjective. We conclude dim HZ(X, B;)) = 1,ie. b(X) = 1,
so b is finite and our inequality applies. In fact, in this case we have b(X) = 1 and
dimH! (X, @}) = 22 (cf. [11], p. 658).

The proof of Theorem 5.1 is down-to-earth and relies on the following lemma relating the
kernel of ¢, and the image of Dy.
The natural inclusion By, — Q}( induces a homomorphism

@ H'U(X, By) — H' (X, Q).
Lemma 5.3 Ifb(X) < oo then ker ¢; C Im Dy for any positive integer £.

Proof Assuming that the result does not hold, we consider the smallest positive £ such that
ker ¢y ¢ Im D,. Then there exists a non-zero element o € H"~1(X, By) such that @e(a) =0
and @ ¢ Im Dy.

We shall construct an non-zero class C~'(«) € H*~!(X, By1) that is linearly indepen-
dent of the image of « in H"~!(X, By4) under the natural map By — By4i. Repeating
this construction we then arrive at as many linearly independent elements of H*~!(X, B,)
as we want by taking r large enough, thus contradicting the finiteness of 5(X). Note that the
constructed element is not unique.

Let m be the non-negative integer such that C"(¢) ¢ Im Dy_,, and C mtlig) €
Im Dy_,,—1. Here we define Im Dy = 0 for k < 0. For any positive integer s the com-
mutativity of the diagram

n—1 Dii n—1
H' (X, Wit1(0x)) — H""(X, Bi11)
L I
D;
H'1(X, W;(Ox)) —=H""'(X, B))

implies C" 5 (a) € Im Dy, _s.
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Invariants in positive characteristic 117

We take an affine open covering {U;} of X. Then « is given by a Cech cocycle {o7} with
1= i()il ...l'nfl and

-1
ar = (g

j=0
for fl(j) = fiE)Jzif--Ain,l e 'U;, NU; N...NU;,_,, Ox). Since by assumption ¢¢(x) = 0,
there exist elements w;y;,..i, , € T'(Uiy NU; N ... NU;,_,, Qk) such that
A = Wjjiy..iy_y — Digin.in_y T+ (—1)"_1601‘01'[...1',,,2 (1)

For an affine open set U, we have HY (U, B;) = 0. Thus the exact sequence
1 C Hl
0B -2 —Qy—0

implies that the Cartier operator C : I'(U, Z h S, Qg() is surjective. So we can find
an element @;y;,..i, , € T'(U;y NU;; N...NU;,_,, Q}() that maps to wj;,...;,_, under C and
then

~ ~ n—1 ~
wl]lz...ln_l - wlolz..‘ln_l +--+ (_1) wl()l]...ln_z

maps under C to the right hand side of (1). Since w € I'(U, Z1) has C(w) = 0 if and only
if w = df for a suitable regular function f € I'(U, Ox), we can choose a regular function
O = O €U, NU; N...NU;,_,,Ox) such that

Qi1 .. in—1
¢ 14
Dypt =7 =1 5 0G) _ ~ ~ -1~
Z(f] )P df] = wilig...i,,,l - wioiz...i,,,l +--+ (_1)n wioil...in,Z
j=0

In this way the cochain C~! (o) = Zﬁzo(fl(j))l’“j’ldf,(j) becomes a cocycle in the Cech
cochains of the sheaf By | and gives an element of H"~! (X, B, |). Repeating this procedure
t times we obtain ¢ elements

o, C @), C (@), ..., C " ()

in H'" ! (X, Byy).
Consider the vector space H" (X, By++)/Im Dy, over k. Note that the Cartier operator
C : Byiit1 — By induces a p~!-linear mapping

C:H"" (X, Beyis1)/Im Deyipy —> H'7'(X, Besi)/Im Dy

Suppose the elements «, C _1(01), C _2(01), ..., C7 () are linearly dependent over k in
H" (X, By+:)/Im Dy4,. So there exist elements a; € k withi =0, 1, ..., ¢ such that

aoa + a1 C (@) +a2C_2(a) + - 4+aC N (a)=0
in H"~ (X, Bey;)/ImDy,. By letting C**™ operate on both sides we have
P Am
a C"(a)=0

inH*~'(X, By_,y)/Im D;_,,. By our assumption, C" () is not contained in Im D _,,. It fol-
lows that a; = 0. Repeating this procedure we see ap = a; = --- = a, = 0. This means that
our elements are linearly independent over k and we see that dim H* 1 (X, By4)/Im Dyy; >
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t + 1 for any positive integer ¢, which contradicts the finiteness of 5(X). We conclude that
ker ¢y C Im D, for any positive integer £. O

We now prove Theorem 5.1. We have by Proposition 4.3 and its proof and by Lemma 5.3
that

dimH"(X, B;) = dimH"~'(X, B;)/Im D; < dimH"~!(X, B;)/ ker ¢;

and since dim H"~!(X, B;)/ker ¢; < dimH"~!(X, Q;), we derive the inequality b(X) <
dim H! (X, Q;(). This concludes the proof of Theorem 5.1.

We conclude this section with a remark about the spaces H"~Y(X, B)). Using the natural
inclusion v; : B; — Bjy| we have the induced linear mapping

v H" (X, B)) — H"~'(X, Biy1).

Corollary 5.4 Assume b(X) < oo. If for all i the map D; : H"- (X, W;(Ox)) —
H"~Y(X, B;) is zero, then ¥; : H'~ (X, B;) —> H""\(X, B;}1) is injective for any i > 1.
In particular, if A"~ (X, Ox) = 0 then v; is injective for any i > 1.

Proof The first part of this corollary follows from the fact that the composition of the homo-
morphisms

Pi+1

L (X, By s BN (X, Biyp) Y H T (X, @),
where ¢; = @;+1 o Vi, is injective. We have an exact sequence
Vv Ri—l
0— W,‘_l(Ox) —> W,'(Ox) —> OX — 0.

So with H*~!(X, Ox) = 0 we find inductively H"~1(X, W;(Ox)) = 0. Thus the second
statement follows from the first one. ]

6 The relation between the b-number and the z-number

We start this section by exhibiting a relation between the h-number (=height) and the
b-number under the assumption that the Artin-Mazur formal group &y = <I>§?)is pro-
representable by a formal Lie group. This relation can be deduced from Serre’s paper [19].

Proposition 6.1 Let X be a complete non-singular algebraic variety with the Artin-Mazur
formal group ®x pro-representable by a formal Lie group and let h(X) be the height of ®y.
Then we have the equality

h(X) = b(X) + pg(X),
with pe(X) = dimH" (X, Ox) the geometric genus.

Proof In fact Serre proves in his Prop. 3 that 4 is finite if and only if b is finite and assuming
this the result follows from his Prop. 2. In fact, the proof follows on the one hand from the
interpretation of the b-number in terms of Witt vector cohomology (Prop. 4.2) and on the other
hand by Dieudonné theory that expresses the height in terms of Witt vector cohomology as
follows. We use the covariant Dieudonné module theory (Cartier Dieudonné module theory).
For our Artin-Mazur formal group, the Dieudonné module is given by H" (X, W(Ox)). So
the general theory of Dieudonné modules implies

h(X) = dimH"(X, W(Ox))/pH" (X, W(Ox)).
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Invariants in positive characteristic 119

Since p = V F we have an exact sequence

0 — VH"(X, W(Ox))/pH" (X, W(Ox)) — H"(X, W(Ox))/pH" (X, W(Ox))
— H"(X, W(Ox))/VH" (X, W(Ox)) — 0

and we now have to calculate the dimensions of the second and fourth term in this sequence. By
general Dieudonné module theory the Verschiebung V acting on H" (X, W (Oy)) is injective
so that p = V F implies

H" (X, W(Ox))/FH" (X, W(Ox)) = VH" (X, W(Ox))/pH" (X, W(Ox))

and we know by Proposition 4.2 that its dimension is b(X). As to the dimension of the fourth
term we observe that the exact sequence

0 — VH"(X, W(Oyx)) — H"(X, W(Ox)) — H"(X, Ox) — 0
shows that the dimension of the fourth term is dim H" (X, Ox) = p,(X). m}
By Theorem 5.1 we get the following upper bound on the /#-number.
Corollary 6.2 Ifb(X) < oo we have
h(X) < dimH""' (X, Q%) + pe(X).

The following corollary was already obtained in [8]. In view of its interest we state it in
our new framework.

Corollary 6.3 Let X be a Calabi-Yau variety of dimension n > 1. Then if h(X) < oo we
have

h(X) < dimH""1(X, Q%) + 1.
In particular, if X is rigid, then h(X) = 1 or oo.

Proof Note that Theorem 5.1 implies that b(X) < oo. Since dim H* (X, Ox) = 1, the first
inequality follows from Corollary 6.2. If X is rigid then H' (X, ®x) = 0 by definition and
by HY (X, 0y) = H" (X, Q;), the conclusion follows from the inequality. O

7 Relations between the a-number and the b-number

In this section we shall assume that the Hodge-to de Rham spectral sequence and the conjugate
spectral sequence degenerate at the E1-term and E;-term respectively.

Theorem 7.1 Ifb(X) < oo thena(X) =0ora(X) = 1.
Proof Consider the commutative diagram
H' (X, Ox)
\L \
D
H' (X, B)) —— H"" (X, QL).

Since by our assumption the Hodge-to-de Rham spectral sequence degenerates at the E-term
the map d is zero. Since by Lemma 5.3 the kernel ker ¢ is contained in the image Im D we
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120 G. van der Geer, T. Katsura

see that ker ¢; = Im D; and we thus have an injective homomorphism
H""'(X, B1)/Im Dy — H"~1(X, QL).

If a(X) > 1 then there exists a non-zero element « € H* (X, Ox) such that F () € F'. This
means we have an element F () € F'/F? = H'~!(X, Q). The exact sequence

0— Ox - Ox — Bj — 0,
gives rise to the long exact sequence
— =X, 0x) 25 H'L(X, B) -2 H'(X, Ox) - H'(X, Ox).

Now F(x) = 0in FO/F1 = H"(X, Ox) and this tells us that there exists an element 8 €
H"~!(X, By) suchthat §(8) = «. Since @ # 0, we see 8 ¢ Im D;. Using Cech comomology,
it is easy to see that F(a) = ¢1(B) in H*"1(X, Q%). Since F(a) = ¢1(B) # 0, we see
F(@) #0in H" (X, Qﬁ(). Therefore, we have F(«) ¢ F? and it follows that a(X) = 1. O

In particular, if the #-number is defined then b(X) < ooimplies(X) < oo and then for K3
surfaces and abelian varieties our result implies results like those in [5-7,16], Proposition 9.4.

Proposition 7.2 For the variety X we have: a(X) = 0 if and only if b(X) = 0.

Proof If a(X) = 0 then in the Hodge filtration we have Im F' N F! = (0) resulting in an
isomorphism

F :H"(X,0x) = F'/F' @ H" (X, Oy).
Therefore the exact sequence
00y 5 ox-5 B >0 @)
implies that H" (X, B1) = (0). The exact sequence
0 Bl — Bir1 B — 0

gives inductively H* (X, B;) = (0) for all i > 0. This implies that b(X) = 0.

Conversely, if b(X) = 0 then in particular H* (X, B;) = (0). By the exact sequence (2)
we see that F : H"(X, Ox) — H"(X, Oy) is surjective and thus an isomorphism. Since
H"(X, Ox) = F°/F!, we conclude that (Im F) N F! = (0) and so a(X) = 0. |

8 Fermat surfaces

As an example we now calculate the a-number of Fermat surfaces and deduce consequences
for the A-number. Recall that a non-singular complete curve C is said to be ordinary if its
Jacobian variety is an ordinary abelian variety. Note that a curve C is ordinary if and only
if Frobenius induces a bijective map from H'(C, O¢) toits image. Hence a(C) = 0if C is
ordinary and a(C) = 1 otherwise.

Proposition 8.1 Let C| and Cy be non-singular complete algebraic curves defined over k.
Then the a-number of X = Cy x Cj satisfies

a(C1 x Cy) =#{i : 1 <i <2,C; isnot ordinary}
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Invariants in positive characteristic 121

Proof If both C; and C» are ordinary, the Frobenius map acts bijectively on H>(X, Oy) =
H!(Cy, Oc,) @ H!(C2, Oc,) and a(X) = 0. Consider for i = 1, 2 the Hodge filtration of de
Rham cohomology

1 0 1
Hpr(Ci) =F; D F; D (0).
The Hodge filtration
HLr(X) =F' > F' 5 F2 5 (0)
of de Rham cohomology H%, g (X) has F? given by
2 _ gl 1
F*=F,) ®F.

We consider the Frobenius map

~ FQF
H2(X, Ox) ZH'(C, Oc,) ® H'(Ca, Oc,) —> Hpp(X)

If both C; are non-ordinary, then there exists an element ¢; in H(C;, Oc;) suchthat F(o;) =
0 on HI(C;, Oc;). This means that

(F® F)(a1 ® a2) € F> = F(;) @ F,,

anda(X) = 2.Ifexactly one is ordinary then the image of H (X, Ox) liesin F'NHL, (C1)®
HéR(C ») and does not lie in F(ll) ® F(lz). We thus see that the a-number equals the number of
non-ordinary factors. O

Remark 8.2 If both C and C, are non-ordinary, then a(X) = 2, and hence in this case the
h-number of C; x C» is equal to oo.

Let X,, be the Fermat surface defined in P3 by the homogeneous equation
70 +21' +25 + 25 =0.

We assume m > 4 and that m is prime to the characteristic p.
We shall calculate the a-number of X, by using the inductive structure of Fermat varieties
as employed in [18] and [20]. For this we define the Fermat curve C,, by the equation

xg +x' + x5 =0.
By [18] and [20] we have a rational map

@ :Cp xCyp — X
defined by

((x0, X1, X2), (Y0, Y1, ¥2)) => (X0Y2, X1Y2, €X2Y0, €X2)1)

where € is a fixed 2m-th root of unity with €” = —1.

The rational map ¢ is not defined at the m? points where both z» and y, vanish. Let Z,,
be the surface obtained by blowing up C,, x C,, at these m? points.

An element ¢ of the group w,, of m-th roots of unity acts on C,,, x C,, via

((x0, x1, x2), (Yo, ¥1, y2)) = ((x0, X1, £x2), (Y0, Y1, £¥2)).
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We set G = w,,. The fixed point set of this action is equal to the locus of indeterminacy of
¢ and this action naturally extends after blowing up to Z,,. We have the following diagram

Zm *‘Il> Cp xCpy
¢
Zm/G Xﬂl

Here, the quotient surface Z,,/G is nonsingular and ¢ contracts 2m non-singular rational
curves. For the details of this construction we refer to [18] or [20]. We derive a diagram in
cohomology

H!(Cp, Oc,) ® H'(Cin, Oc,,) — H*(Zy, 0z,)

o

H% (X, Ox,,) ——> H*(Z,,/G, 0z, /6)

where the horizontal arrows are isomorphisms and the vertical map identifies the cohomology
H?(Zn/ G, Oz, ) with the invariants H*(Z,,, 0z,)¢. We conclude that H*(X,,, Ox,,)
equals the invariant subspace (H'(C,,, Oc,,) ® H' (Cyn, Oc,))°.

In order to calculate the action of G = j,, on the cohomology group H!(C,,, Oc,,). we
consider the open covering U; = {(xo, x1, X2) € Cp, | x; # 0} withi € {0, 1}. The functions
t1 = x1/x0 and fp = x3/x¢ define affine coordinates on the curve Uy given by

1+t +1"=0.

We represent elements of H'(C,,, Oc, ) as Cech cocycles with respect to the affine open
covering {Uy, U1 }. They are represented by regular functions on Ug N U;. We set

b
aap =18/t
Lemma 8.3 If a is not positive or a > b then o p, is cohomologous to zero.

Proof 1f a is non-positive, then oy, is regular on Up and the cocycle w = (—aq,p,0) €
I'(Uy, Oc,,) @ I'(U1, Oc,,) gives §(®) = ag,p. Similarly, a > b, then « p, is regular on Uy;
then the cocycle @ = (0, a4,5) € I'(Uop, Oc,,) @ I'(U1, Oc,,) gives §(w) = a4 p. O

We let
E={a,b)eZxZ:1<a<b<m-—1}.
Proposition 8.4 A basis of H'(C,,, Oc,,) is given by the set of cocycles
{oap = 15/18 < (a,b) € E).

Proof Note that the cardinality of this set equals the dimension of H' (C,,,, Oc,,)-Soitsuffices
to show that these cocycles generate this cohomology group. A regular function f on UyNU;
can be considered as a rational function on Uy with poles only at the points given by #; = 0.
So f is a linear combination of the functions o, 4 with ¢ an integer and d a non-negative
integer. By Lemma 8.3 we can assume ¢ > 1. If d > m, then we have

Qe d = tg_mtén/lf = tg_m(_l - tfn)/tlc = —CQc,d—m — %c—m,d—m

showing that we can assume d < m — 1. O
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The action of { € G = p,, on H' (Cy, Oc,,) is obviously given by
ap > Pt p.
We write our prime as
p=d+nm withl <d <m—1.

For ainteger ¢, if £ = k (mod m) with0 < k <m — 1, we set {=k. Using this notation, we
have d = p. Then, by Lemma 8.3 the Frobenius action on H(C),, Oc,,) is given by

Fragp = tgﬂ/tlap — té?d (lgn)nb/t?dtlmna
_ tzbd(_tin _ l)nb/tladtimm
= (D" ()
and this last expression is cohomologous to
(—D)"™ b1,
We know by Lemma 8.3 that (—1)"229 /14 is zero in H! (C,y, Oc,,) if and only if bd < ad.
Using this result (or by Koblitz [13]), we get the following lemma.

Lemma 8.5 The Frobenius map induces a p-th linear isomorphism on H'(C,,, Oc,) if and
only if p = 1 (mod m). The Frobenius map induces the zero map on H' (C,,, Oc,,) if and
only if p = —1 (mod m).

Remark 8.6 By this lemma and Ibukiyama et al. [9], for p = —1 (mod m) the Jacobian
variety of Cy, is isomorphic to a product of supersingular elliptic curves.

Theorem 8.7 Let m be an integer > 4 and prime to p. Then the a-number of the Fermat
surface X, is given by

0 p = 1(modm)
aXpy)=11 p=2 or 27" in(Z/mZ)*
2 otherwise

Proof Write C = C,,, and X = X,,, and let
H!x(C) =F2 D EL > {0}
be the Hodge filtration of H}iR (C). Since the image of H2(X, Ox) lands in the G-invariant part
of Hz (C) ® Hlx (C) in H3; (X) we consider the Hodge filtration on (HL; (C) ® Hl (C)¢
HR(C) ® HIR(C)H? =F° 5 F' 5 F? 5 {0}
Then we have
F! = (FL o F* + FP @ F.}9 and F? = {F} ®@ FL}C.

Thus by Lemma 8.5 we see that a(X,,) = 0 if and only if p = 1(modm). Moreover,
if p = —1(modm) then a(X,,) = 2. From here on we assume p # +1(modm), i.e.,
2 <d < m — 2. In this case either a(X,,) = 1 or a(X,,) = 2. We look for a G-invariant
element

Y = VYaa' b = %,b Qg m—p
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with (a, b) and (a’, m — b) in E such that F*a,p = 0, F*ay m—p = 0 in H(C,, Oc,)-
If such a y exists, then the Frobenius image of y in H?l & (Xm) is contained in F? and so we
have a(X,,) = 2. If such an element doesn’t exist, then we see a(X,,) = 1. Hence we are
reduced to the following combinatorial problem: a(X,,) = 2 if and only if the set Y (m, d)

{(a,d',b):1<a,a',b<m—1;a<b,a <m—>b,da>db,da’ >d(m — b))

is not empty.

We first deal with the case d = 2. This implies that m is odd. If a < b and 2b < 2a then
we have (m+1)/2 <b < (m—1—a)/2. Similarly, ifa’ < m —b and 2(m — b) < 24’ then
m+1)/2<m-—b<(m—1—a’)/2;butthenm = b+ (m —b) > m + 1, a contradiction.
Thus a(X,,) = 2 in this case.

We set £ = [m/d], the integer part of m /d. We shall assume thatd > 2.If £ > 3or € = 2
then the element (¢, [(d —2)m/d], £+2)isin Y (m,d) or (if £ = 2 and r < d/2) the element
2,[(d —2)ym/d],3)isin Y (m,d).

Suppose now that £ = 1 and m # 2d — 1. Since ged(d, m) = 1 we have integers x, y
with y > 0 such that xd + ym = 1. Put b = 1 — x. We then can write bd = d — 1 + ym.
Then the element (b —1, [(d —y — 1)m/d], b) isin Y (m, d) as the reader may check. Finally,
if p = 27'(modm), i.e., m = 2d — 1, consider the interval [i£, (i + 1)£]. It contains two
integers, say b, b 4+ 1. Suppose we have an a such that | < a < b with da > db. Then
m — b is the larger integer in the interval [j£, (j + 1)£]. Therefore if a’ < m — b we will
have da’ < d(m — b) and the set Y (m, d) is empty. O

The reader may check that Y (m, d) and Y (m, d’) for dd’ = 1(mod m) have the same
cardinality; this shortens the proof.

Corollary 8.8 For the Fermat surface X, in characteristic p (with m > 4, ged(m, p)
= 1) the height h(X,,) equals 1 if and only if p = 1(modm). Furthermore, If p #
1,2, 27  (mod m) we have h(X,;) = cc.
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