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Abstract. For a partition λ = {λ1 ≥ λ2 ≥ λ3 ≥ 0} of non-negative integers, we calculate the
Euler characteristic of the local system Vλ on the moduli space of genus 3 hyperelliptic curves
using a suitable stratification. For some λ of low degree, we make a guess for the motivic Euler
characteristic of Vλ using counting curves over finite fields.
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1. Introduction

Let H3 be the moduli space of genus 3 hyperelliptic curves. It is a 5-dimensional
substack of the Deligne-Mumford stack M3 of smooth curves of genus 3. The
universal curve π : M3,1 → M3 defines a natural local system R1π∗(Q) of
rank 6 on M3. It comes with a non-degenerate symplectic pairing. The inclusion
morphism ι : H3 → M3 defines a natural local system V := ι∗(R1π∗(Q)) on
H3.

For any partition λ = {λ1 ≥ λ2 ≥ λ3 ≥ 0} of weight |λ| = λ1 + λ2 + λ3,
consider the irreducible representation of Sp(6, Q) associated with λ. Any such
representation yields a symplectic local system Vλ on H3, which appears ‘for the
first time’ in the decomposition of

Symλ1−λ2V ⊗ Symλ2−λ3
(∧2V

)⊗ Symλ3
(∧3V

)
.

If, for example, λ = {λ1 ≥ 0 ≥ 0}, then Vλ = Symλ1(V).
The cohomology with compact support of H3 with local coefficients in Vλ is

supposed to give interesting motives related to automorphic forms, cf. [3,4,7]. As
a first step in understanding this cohomology one wants to know the Euler char-
acteristic of Vλ. This was calculated for genus 2 by Getzler in [6]. In the present
paper we calculate the Euler characteristic
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ec(H3, Vλ) =
10∑

i=0

(−1)i dim Hi
c (H3, Vλ)

for any local system Vλ on H3. We do this by using a stratification of H3 ⊗ C

by a union of quasi-projective varieties �(G), where G is a finite subgroup of
SL(2, C)×C∗, which acts on Vλ. By standard properties of the Euler characteristic
of local systems (see, e.g., [2], Theorem 5.13), we thus have

ec(H3, Vλ) =
∑

G

ec(�(G)) dim(VG
λ ),

where ec(�(G)) is the topological Euler characteristic of �(G) and VG
λ is the

space of G-invariants. We determine ec(�(G)) via elementary topological argu-
ments and dim(VG

λ ) via character theory. Getzler wrote down the generating series
of Euler characteristics in [6]. Since for genus 2 already the generating series are
unwieldy rational functions, we change tactics and give instead a short algorithm
that calculates these numbers efficiently.

This calculation is a step in the program to understand the motivic Euler char-
acteristic

10∑

i=0

(−1)i[Hi
c (H3, Vλ)],

where [Hi
c (H3, Vλ)] is the class of the cohomology with compact support in the

Grothendieck ring of mixed Q-Hodge structures. The hope is that in analogy to the
genus 2 case (cf. [4]), one could use this motivic Euler characteristic to describe
properties of Siegel modular forms of genus 3, of which very little is known. In
Sect. 5, we provide some conjectural formulas of the motivic Euler characteristic
for specific low values of |λ| based on calculations over finite fields.

We would like to thank both referees for their careful reading and their sug-
gestions.

Throughout the paper, εn denotes a primitive n-th root of unity.

2. Stabilizers of hyperelliptic curves

Let C be a hyperelliptic curve of genus 3 over the field of complex numbers C.
Then C is a degree two cover of P1 with eight ramification points. It can be given
as a curve in the (X, Y )-plane by an equation of the form Y 2 = f (X), where
f (X) is a polynomial in C[X] of degree 7 or 8.

The group SL(2, C) × C∗ acts on the (X, Y )-plane as follows. An element

(A, ξ) =
((

a b

c d

)
, ξ

)
∈ SL(2, C) × C∗

acts via
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(A, ξ) · (X, Y ) :=
(

aX + b

cX + d
,

ξY

(cX + d)4

)
.

Suppose that G ≤ SL(2, C)×C∗ stabilizes C. Consider the image G′ of G under
the projection of SL(2, C) × C∗ onto SL(2, C). Clearly, G′ acts as a group of
rational transformations on the complex projective line. It also permutes the set
of ramification points of C. Note that the kernel of this action is the subgroup
generated by the central element −I . By the possible actions of G′ and the clas-
sification of finite subgroups of SL(2, C) (see [8]), one concludes by looking at
the size of the orbits that G′ must be isomorphic to one of the following groups:

i) the cyclic group Cn of order n = 2, 4, 14;
ii) the quaternionic group Q4n of order 4n = 8, 12, 16, 24, 32;
iii) the group O of symmetries of a cube.

For the purposes of what follows, we briefly recall the presentation of the
groups in i), ii), iii) as subgroups of SL(2, C). Any cyclic group of order n in
SL(2, C) is conjugated to the group generated by the matrix

(
εn 0
0 ε−1

n

)
.

Any quaternionic subgroup of order 4n, n ≥ 2, is conjugated to the group with
generators

S =
(

ε2n 0
0 ε−1

2n

)
and U =

(
0 1

−1 0

)
.

Finally, the group O is conjugated to the group generated by the matrices

T = −1√
2

(
1 ε8

ε3
8 1

)
and U =

(
0 1

−1 0

)
.

Remarkably, the isomorphism type of G′ determines the structure of G up to a
small number of choices. Indeed, for any matrix A ∈ G′ there exist two non-zero
complex numbers ±ξ such that

ξ 2Y 2 = (cX + d)8f

(
aX + b

cX + d

)
, (2.1)

where

A =
(

a b

c d

)
.

The assignment

u : G′ → C∗, A 
→ ξ 2,

is a character of a one-dimensional representation of G′ because u(I) = 1. Thus,
the group G ≤ SL(2, C) × C∗ contains all pairs (A, ±u(A)), where A varies in
one of the groups G′ listed in i), ii), iii), and u is a one-dimensional character of
G′ that satisfies (2.1). Hence, #G = 2#G′.
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As a consequence, there are only finitely many non-isomorphic groups G

which arise as possible stabilizers of genus 3 hyperelliptic curves. Each of them
induces a permutation action on a set of eight points in P1. From this we can deduce
a normal form of curves which are stabilized by G. Examples and explicit com-
putations can be found, for instance, in [9]. There, the stabilizers are not described
as subgroups of PSL(2, C) × C∗. It is however easy to verify a correspondence
between the two descriptions.

In Table 1 we list all possible groups in terms of G′ and u, the associated
normal form and the cycle structure of the action of G′. To this end, we need to
review some conventional notation from character theory. In general, we shall
denote by 1 the trivial character of G′. If G′ is the cyclic group of order n, there
are n − 1 nontrivial characters χk such that

χk

((
εn 0
0 ε−1

n

))
= εk

n, 1 ≤ k ≤ n − 1.

On the other hand, the quaternionic group Q4n has only three non-trivial characters
of one-dimensional representations, namely:

χ χ(S) χ(U)

χ0 1 −1
χ+ −1 −in

χ− −1 in

The group O has a unique non-trivial 1-dimensional character ρ. Finally, a cycle
under the action of G′ will be denoted by (1m12m2 · · · imi · · · ). This means that
there are mj orbits of length j for j ≥ 1.

Table 1. Groups and associated normal forms

Name (G′, u) normal form Y 2 = f (X) Cycle

G1 (C2, 1) (X2 − 1)(X6 +∑5
i=1 aiX

6−i + 1) (18)

G2 (C4, 1) X8 + b1X
6 + b2X

4 + b3X
2 + 1 (24)

G3 (Q8, 1) (X4 + c1X
2 + 1)(X8 + c2X

4 + 1) (42)

G4 (C4, χ
2) X(X6 + d1X

4 + d2X
2 + 1) (1223)

G5 (Q16, 1) X8 + f X4 + 1 (81)

G6 (Q8, χ0) (X4 − 1)(X4 + lX2 + 1) (2241)

G7 (Q12, 1) X(X6 + mX3 + 1) (2132)

G8 (Q32, χ−) X8 − 1 (81)

G9 (O, 1) X8 + 14 X4 + 1 (81)

G10 (Q24, χ−) X(X6 − 1) (2161)

G11 (C14, χ
6) X7 − 1 (1171)
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We remark that the normal forms in Table 1 are equivalent to the equations
given in [9], Table 3. For example, the map

(X, Y ) 
→
(

−iX + i

X + 1
,

√
8 ε8√

2 − l(X + 1)4

)

, l �= 2,

transforms the normal form associated with G6 to

Y 2 = X(X2 − 1)(X4 + LX2 + 1),

where L = −(12 + 2l)/(2 − l). Additionally, the character u changes too. How-
ever, this does not affect the calculation of ec(H3, Vλ) - see Sect. 4.

3. The stratification of H3

For each group Gi in Table 1, define �i to be the locally closed sublocus of
H3 that contains all curves C whose stabilizer is exactly Gi . As seen in Sect. 2,
the corresponding group G′

i is a permutation group on a set of eight elements.
Therefore, the decomposition by automorphism groups described above gives a
stratification of H3, provided that the relation G′

i ≤ G′
j is interpreted as an inclu-

sion of permutation groups. In other words, G′
i is a subgroup of G′

j , and any set
of eight elements, which is permuted by G′

i , can be decomposed in G′
j -orbits. All

possible relations are displayed in the diagram below.

G8 G9 G10 G11

G5 G6 G7

G3 G4

G2

G1

From this diagram, to be justified later, we also deduce information on the
strata �i . Actually, we have:
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(1) H3 = ⋃11
i=1 �i ;

(2) �i ∩ �j = ∅ for i �= j ;
(3) �j ⊆ �i whenever G′

i ≤ G′
j .

Note also that the normal form corresponding to each stratum shows that all
the �i’s are irreducible quasi-projective varieties. As explained in Sect. 1, we
need to calculate the topological Euler characteristic ec of all the strata. Since
ec(H3) = 1, we work out e(�i), i = 2, . . . , 10 and we deduce ec(�1).

0-dimensional strata. The stratum �i for i = 8, 9, 10, 11 is clearly 0-dimen-
sional and irreducible, so its Euler number is 1.

1-dimensional strata. The strata corresponding to G5, G6, G7 are 1-dimen-
sional. Moreover, let us consider the following subsets of P1:

O1 := {εk
8; 0 ≤ k ≤ 7},

O2 := {0, ∞, ±1, ±ε3, ±ε2
3},

O3 := {±α1, ±iα1, ±1/α1, ±i/α1},
where α1 is a root of the polynomial X2 − (i + 1)X − i.

It is easy to verify that O1 is a G′
8-orbit, a union of two G′

5-orbits and a union
of three G′

6-orbits. On the other hand, O2 is a union of three G′
7-orbits, a union

of three G′
6-orbits and a union of two G′

10-orbits. Finally, O3 is a full G′
9-orbit,

a union of two G′
5-orbits and a union of three G′

7-orbits. This justifies the lower
row of directed edges in the above diagram.

As for the Euler number ec, the following holds.

Proposition 3.1. The topological Euler characteristic of �i , i = 5, 6, 7, is equal
to −2.

Proof. We just prove the statement for �5, the other cases being similar. For
f ∈ C − {±2}, consider the set of hyperelliptic curves Cf with equation Y 2 =
X8 +f X4 +1. By direct calculation, two such curves are isomorphic if and only if
f1 = ±f2. (Indeed, the associated binary forms T 2 + fiT U + U 2 are equivalent,
hence have the same discriminant f 2

i − 4.) Note that �8 and �9 are the isomor-
phism classes of C0 and C14, respectively. Therefore, there exists an isomorphism

 : �5 ∪ �8 ∪ �9 → C − {4} which maps the equivalence class of Cf to f 2.
Accordingly, the topological Euler characteristic of �5 is −2. ��

2-dimensional strata. As readily checked from Table 1, the strata correspond-
ing to G3 and G4 have dimension two. It is easy to deduce from the ramification
sets in P1 that the following holds:

�5 ⊂ �3, �6 ⊂ �3,

�6 ⊂ �4, �7 ⊂ �4.

On the other hand, note that �5 does not lie in the closure of �4. Equiva-
lently, there is no set S of eight elements which is both a union of G′

4-orbits and
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G′
5-orbits. Indeed, any set S ⊂ P1 has always two orbits of length one under the

action of G′
4. Conversely, the permutation action of G′

5 does not have any fixed
point.

Proposition 3.2. The topological Euler characteristic of �3 is 1.

Proof. The group G3 corresponds to the pair (G′
3, 1), where G′

3 is the quatern-
ionic group Q4

∼= C2 ×C2. The group G′
3 induces a permutation action on P1 via

the group V4 generated by the transformations x 
→ −x and x 
→ 1/x. Denote by
V4(x) the orbit of x under V4. Note #V4(a) = 4 unless a ∈ {0, ∞, 1, −1, i, −i}.

We recall that the normal form associated with G3 is

Y 2 = f (X) = (X4 + c1X
2 + 1)(X4 + c2X

2 + 1). (3.1)

Moreover, we have

{x : f (x) = 0} = {±q1, ±1/q1, ±q2, ±1/q2}, (3.2)

for distinct q1, q2 such that #V4(q1) = #V4(q2) = 4. Note that ci = −q2
i − 1/q2

i

for i = 1, 2.
Let {Y 2 = f1(X)} and {Y 2 = f2(X)} be two curves with stabilizer G3. They

are isomorphic if and only if there exists a rational transformation that maps
{z : f1(z) = 0} to {z : f2(z) = 0}. All such transformations commute with the
elements of V4. Therefore, two curves are isomorphic if and only if there exists
an automorphism of P1/V4 which preserves the set E := {V (0), V (1), V (i)}, i.e.
the ramification set of P1 → P1/V4. Observe that the map P1 → P1/V4

∼= P1

sends y to (y2 + 1/y2)/2.
A curve C with equation (3.1) has a larger stabilizer than G3 if and only if

there exists M ∈ SL(2, C) - not in G′
3 - which induces a permutation of (3.2) and

a permutation of the set {0, ∞, 1, −1, i, −i}. By direct inspection, there is only
one possible M , namely:

M =
(

ε8 0
0 ε−1

8

)
.

In this case, M induces the automorphism x 
→ ix on P1 and the automorphism
z 
→ −z on P1/V4. Its fixed points on P1/V4 are V (0) and V (ε8).

Now, it is possible to give an alternative description of �3, which contains all
curves whose stabilizer is exactly G3. Denote by � the diagonal in

(
P1/V4 − E

)×(
P1/V4 − E

)
. Define a group W4 of tranformations of P1/V4 ×P1/V4 as follows:

W4 is generated by τ , which interchanges both factors and ι, which simultaneously
multiplies both factors by i. Note that W4 is isomorphic to the Klein four group.
Therefore, �3 can be parametrized as

((
P1/V4 − E

)× (
P1/V4 − E

)− � − Z
)
/W4,
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where

Z := {(V (a), V (ia) : a ∈ (P1/V4 − E
)− V (ε8)}.

For the Euler number we get:

ec(�3) = 1

4
((−1) × (−1) − (−1) − (−2)) = 1.

��
Proposition 3.3. The topological Euler characteristic of �4 is 1.

Proof. The group G4 corresponds to the pair (G′
4, χ

2), where G′
4 is cyclic of order

2. Now G′
4 induces a permutation action on P1 via the transformation x 
→ −x.

Denote by σ(x) the orbit of x under such transformation.
We recall that the normal form associated with G4 is

Y 2 = f (X) = X(X6 + d1X
4 + d2X

2 + 1). (3.3)

Moreover, we have

{∞} ∪ {z : f (z) = 0} = {∞, 0, ±a, ±b, ±c}
for some distinct a, b, c ∈ C∗. Therefore, any equation of the form (3.3) corre-
sponds to the 5-point set {σ(0), σ (∞), σ (a), σ (b), σ (c)} on the P1 which para-
metrizes the orbits {σ(x) : x ∈ P1}.

Let {Y 2 = f1(X)} and {Y 2 = f2(X)} be two curves with stabilizer G4.
They are isomorphic if and only if there exists a rational transformation that maps
{∞}∪{z : f1(z) = 0} to {∞}∪{z : f2(z) = 0} and fixes 0 and ∞. Such a transfor-
mation commutes with x → −x. Consequently, {Y 2 = f1(X)} and {Y 2 = f2(X)}
are isomorphic if and only if the associated 5-point sets are mapped one onto the
other by a rational transformation which preserves σ(0) and σ(∞) and permutes
the other three points. In other words, an isomorphism class of curves with sta-
bilizer G4 defines an element in M0,5/S3, where M0,5 is the moduli space of
rational 5-pointed curves and S3 is the symmetric group of degree three. Con-
versely, any element in M0,5/S3 determines an equivalence class of curves with
stabilizer G4.

Note that elements in M0,5/S3 can be written as (0, ∞, 1, σ (u), σ (v)) for
some distinct u, v ∈ P1 − {0, ∞, ±1}. If σ(u)σ (v) = 1, the corresponding curve
has a bigger stabilizer, so it is not an element of �4.As a consequence, this stratum
can be identified with M0,5/S3 − Y , where Y is the image of

X := {(0, ∞, 1, σ (u), 1/σ(u))} ⊂ M0,5

under the quotient map onto M0,5/S3. Thus, we have

ec(�4) = ec(M0,5/S3) − ec(Y ) = 1 − ec(Y )
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and

ec(X) = 6ec(Y ) − r,

where r is the number of ramification points. Note that ec(X) = 2 − 4 = −2
since σ(u) /∈ {σ(0), σ (i), σ (1), σ (∞)}. Additionally, r = 2 since the quotient
map onto M0,5/S3 is ramified over X when σ(u) is the orbit of a primitive third
root of unity. Hence, the statement is completely proved. ��

3-dimensional strata. There is only one 3-dimensional stratum, namely �2.
As readily checked, both �3 and �4 lie in the closure of �2.

Proposition 3.4. The topological Euler characteristic of �2 is 2.

Proof. The group G2 corresponds to the pair (G′
2, 1), where G′

2 is cyclic of order
two. As in Proposition 3.3, G′

2 induces a permutation action on P1 via the transfor-
mation x 
→ −x. Again, denote by σ(x) the orbit of x under such transformation.

We recall that the normal form associated with G2 is

Y 2 = f (X) = X8 + b1X
6 + b2X

4 + b3X
2 + 1. (3.4)

Moreover, we have

{z : f (z) = 0} = {±p1, ±p2, ±p3 ± p4}
for some distinct p1, p2, p3, p4 ∈ C∗. Therefore, any equation of the form (3.4)
corresponds to the 4-point set {σ(p1), σ (p2), σ (p3), σ (p4)} on the P1 which
parametrizes the orbits {σ(x) : x ∈ P1}.

Let {Y 2 = f1(X)} and {Y 2 = f2(X)} be two curves with stabilizer G2. They
are isomorphic if and only if there exists a rational transformation that maps
{z : f1(z) = 0} to {z : f2(z) = 0}. All transformations preserve the cycle
structure of the group G′

2. Consequently, {Y 2 = f1(X)} and {Y 2 = f2(X)} are
isomorphic if and only if the associated 4-point sets are mapped one onto the other
by a rational transformation. In other words, equivalence of curves with equation
(3.4) corresponds to equivalence of 4-tuples of points in P1 under the action of
SL(2, C) and the symmetric group of degree 4. Thus, an isomorphism class of
curves stabilized by G2 defines a point in M0,4/S4, where M0,4 is the moduli
space of 4-pointed rational curves and S4 is the symmetric group of order 4. Note
that ec(M0,4/S4) = 1: see, for instance, [1].

We finally observe that �2 is not the whole of M0,4/S4. In fact, we need to
disregard all curves with extra automorphisms, i.e., the ones in lower dimensional
strata. Therefore.

ec(�2) = ec(M0,4/S4) −
10∑

i=3

ec(�i)

= 1 − (−6 + 2 + 3) = 2.

��
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Table 2. Some topological invariants of the strata �i .

i 1 2 3 4 5 6 7 8 9 10 11
dim(�i) 5 3 2 2 1 1 1 0 0 0 0
ec(�i) −1 2 1 1 −2 −2 −2 1 1 1 1

In Table 2, we list the dimension and the topological Euler characteristic of
all the strata in H3.

4. The calculation of ec(H3, Vλ)

Let γj : �j → H3 be the embedding of �j in H3. By the properties of the Euler
characteristic of local systems, we have

ec(H3, Vλ) =
11∑

j=1

ec

(
�j, γ

∗
j (Vλ)

)
.

On the other hand, γ ∗
j (Vλ) is a local system on �j with respect to Gj . Hence,

(4.1) can be written as

ec(H3, Vλ) =
11∑

j=1

ec(�j ) dim(V
Gj

λ ),

where V
Gj

λ is the space of Gj -invariants. In Sect. 3, we computed ec(�j ). Now,
we work out the dimension of the corresponding invariant subspaces.

By definition, the fibre of the local system V(1,0,0) over a curve C is given by
the cohomology group H 1(C; Q). Vλ is thus obtained from the Sp(6, Q)-mod-
ule V(1,0,0) by standard constructions in representation theory (cfr. [5], pp. 262).
Obviously, any group G in Table 1 acts on V(1,0,0). This action yields a homomor-
phism η : G → Sp(6, Q). Let (A, ξ) be an element in G, where A is a matrix
with eigenvalues a and a−1. By Corollary 3 in [6], the eigenvalues of η(g) are
given by

a2ξ, a−2ξ−1, a−2ξ, a2ξ−1, ξ, ξ−1.

As a consequence, it is possible to compute the dimension of the G-invariant
subspace of Vλ by elementary character theory. More specifically, let Jd be the
symmetric function

Jd(x1, x2, x3) = hd(x1, x
−1
1 , x2, x

−1
2 , x3, x

−1
3 ),

where hd is the complete symmetric function of degree d in six variables. More-
over, for any {λ = λ1 ≥ λ2 ≥ λ3 ≥ 0}, we denote by Jλ the determinant of the
3 × 3 matrix whose i-th row is

(Jλi−i+2 Jλi−i+2 + Jλi−i Jλi−i+3 + Jλi−i−1).
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Table 3. The sets Yi

Y1 (1, 1)

Y2 (1, 1), (i, 1)

Y3 (1, 1), (i, 1)3

Y4 (1, 1), (i, i)

Y5 (1, 1), (ε2
16, 1), (ε6

16, 1), (i, 1)5

Y6 (1, 1), (i, 1), (i, i)2

Y7 (1, 1), (ε2
12, 1), (ε4

12, 1), (i, 1)3

Y8 (1, 1), (ε16, i), (ε
2
16, 1), (ε3

16, i), (ε
5
16, i), (ε

6
16, 1), (ε7

16, i), (i, i)
4, (i, 1)5

Y9 (1, 1), (i, 1)9, (ε2
12, 1)4, (ε4

12, 1)4, (ε2
16, 1)3, (ε6

16, 1)3

Y10 (1, 1), (ε14, ε
3
14), (ε

2
14, ε

6
14), (ε

3
14, ε

9
14), (ε

4
14, ε

12
14), (ε

5
14, ε14), (ε

6
14, ε

4
14)

Y11 (1, 1), (i, 1)9, (ε2
12, 1)4, (ε4

12, 1)4, (ε2
16, 1)3, (ε6

16, 1)3

Y11 (1, 1), (ε12, i), (ε
5
12, i), (ε

2
12, 1), (ε4

12, 1), (i, i)4, (i, 1)3

By Proposition 24.22 in [5], the following holds:

dim
(
VG

λ

) = 1

#G

∑

g∈G

Jλ(a
2ξ, a−2ξ, ξ).

For each of the groups Gi we can list the pairs (a, ξ) that occur as g runs through
G. If (a, ξ) occurs, then (a, −ξ), (−a, ξ) and (−a, −ξ) occur too. For each Gi

in Table 3 we give a set Yi of cardinality #Gi/4 of pairs (a, ξ) with multiplicity
(indicated by an exponent). The set Yi has the following property. If we replace
(a, ξ) ∈ Yi by the 4 elements (±a, ±ξ) we get all the pairs with multiplicity
corresponding to the g ∈ G. This is indicated by the notation (±a, ±ξ) ∈ Yi .

Theorem 4.1. The Euler characteristic ec(H3, Vλ) is given by

ec(H3, Vλ) =
11∑

i=1

ec(�i)

#Gi

∑

(±a,±ξ)∈Yr

Jλ(a
2ξ, a−2ξ, ξ),

where the Euler numbers ec(�i) and the sets Yi are given in Tables 2 and 3.

For example, the elements of the group G1 are (±I, ±1). If λ = (k, 0, 0), then
the contribution from this group yields

dim(V
G1
(k,0,0)) = 1

4
{2hk(1, 1, 1, 1, 1, 1) + 2hk(−1, −1, −1, −1, −1, −1)}

= 1

2

(
k + 5

k

) (
1 + (−1)k

)
.

In the following table we give the values of ec(H3, Vλ) for all λ of weight ≤ 10.
Note that because of the hyperelliptic involution ec(H3, Vλ) = 0 if the weight is
odd. This gives us a first check on the Euler numbers obtained. Also the integrality
of the numbers gives a check.
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Table 4. Some values of ec(H3, Vλ)

(λ1, λ2, λ3) ec(H3, Vλ) (λ1, λ2, λ3) ec(H3, Vλ)

(0,0,0) 1 (5,2,1) −10
(2,0,0) −1 (4,4,0) −5
(1,1,0) 0 (4,3,1) −4
(4,0,0) −1 (4,2,2) −7
(3,1,0) 0 (3,3,2) −2
(2,2,0) −1 (10,0,0) −17
(2,1,1) 0 (9,1,0) −22
(6,0,0) −5 (8,2,0) −43
(5,1,0) −2 (8,1,1) −8
(4,2,0) − 5 (7,3,0) −34
(4,1,1) 0 (7,2,1) −32
(3,3,0) 0 (6,4,0) −37
(3,2,1) 0 (6,3,1) −26
(2,2,2) −3 (6,2,2) −27
(8,0,0) −7 (5,5,0) −6
(7,1,0) −8 (5,4,1) −22
(6,2,0) −13 (5,3,2) −12
(6,1,1) −2 (4,4,2) −15
(5,3,0) −10 (4,3,3) 0

5. Some remarks on the motivic Euler characteristic

For partitions of small degree |λ| it is not unreasonable to expect that all coho-
mology of Vλ is Tate, i.e., that the motivic Euler characteristic

Ec(H3, Vλ) =
10∑

i=0

(−1)i[Hi
c (H3, Vλ)]

is a polynomial in L, the Tate motive of weight 2. It is well known that
Ec(H3, V0) = L5, see [10] for the complex case. One can calculate the trace
of Frobenius on the �-adic variant of Vλ in characteristic p on H3 ⊗ Fp by sum-
ming

∑

C

Tr(F, Vλ(H
1))/#AutFp

(C),

where C runs over a complete set of representatives of the Fp-isomorphism classes
of hyperelliptic curves of genus 3 over Fp. We found that the following guesses
for the motivic Euler characteristic are compatible with the values of ec(H3, Vλ)

and with these traces for p = 3 and p = 5 and even for p = 2.
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Table 5. Conjectural motivic Euler characteristics

λ Ec(H3, Vλ)

(0, 0, 0) L5

(2, 0, 0) −1
(1, 1, 0) 0
(4, 0, 0) L2 − 2
(3, 1, 0) L2 − 1
(2, 2, 0) −L6 + L2 − 1
(2, 1, 1) L5 − L4 − L3 + L2
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