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Abstract. For a partition A = {A; > A, > A3 > 0} of non-negative integers, we calculate the
Euler characteristic of the local system V), on the moduli space of genus 3 hyperelliptic curves
using a suitable stratification. For some A of low degree, we make a guess for the motivic Euler
characteristic of V, using counting curves over finite fields.
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1. Introduction

Let H3 be the moduli space of genus 3 hyperelliptic curves. It is a 5S-dimensional
substack of the Deligne-Mumford stack M3 of smooth curves of genus 3. The
universal curve w : M3 — M3 defines a natural local system R'7.(Q) of
rank 6 on M. It comes with a non-degenerate symplectic pairing. The inclusion
morphism ¢ : Hz — M3 defines a natural local system V := *(R'7,(Q)) on
Hs.

For any partition . = {A; > A, > A3 > 0} of weight |A| = A1 + Ay + A3,
consider the irreducible representation of Sp(6, Q) associated with A. Any such
representation yields a symplectic local system V; on H3, which appears ‘for the
first time’ in the decomposition of

Sym* ™2V @ Sym*? (/\ZV) ® Sym” (/\3V) .

If, for example, A = {A; > 0> 0}, then V, = Symkl V).

The cohomology with compact support of H3 with local coefficients in V, is
supposed to give interesting motives related to automorphic forms, cf. [3,4,7]. As
a first step in understanding this cohomology one wants to know the Euler char-
acteristic of V. This was calculated for genus 2 by Getzler in [6]. In the present
paper we calculate the Euler characteristic

G. BINI

Dipartimento di Matematica, Universita degli Studi di Milano, Via C. Saldini 50, 20133 Milano,
Italia (e-mail: Gilberto.Bini@mat.unimi.it)

G. VAN DER GEER

Korteweg-de Vries Instituut, University of Amsterdam, Plantage Muidergracht 24, 1018 TV
Amsterdam, The Netherlands (e-mail: geer@science.uva.nl)


Used Distiller 5.0.x Job Options
This report was created automatically with help of the Adobe Acrobat Distiller addition "Distiller Secrets v1.0.5" from IMPRESSED GmbH.
You can download this startup file for Distiller versions 4.0.5 and 5.0.x for free from http://www.impressed.de.

GENERAL ----------------------------------------
File Options:
     Compatibility: PDF 1.2
     Optimize For Fast Web View: Yes
     Embed Thumbnails: Yes
     Auto-Rotate Pages: No
     Distill From Page: 1
     Distill To Page: All Pages
     Binding: Left
     Resolution: [ 600 600 ] dpi
     Paper Size: [ 595 842 ] Point

COMPRESSION ----------------------------------------
Color Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 150 dpi
     Downsampling For Images Above: 225 dpi
     Compression: Yes
     Automatic Selection of Compression Type: Yes
     JPEG Quality: Medium
     Bits Per Pixel: As Original Bit
Grayscale Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 150 dpi
     Downsampling For Images Above: 225 dpi
     Compression: Yes
     Automatic Selection of Compression Type: Yes
     JPEG Quality: Medium
     Bits Per Pixel: As Original Bit
Monochrome Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 600 dpi
     Downsampling For Images Above: 900 dpi
     Compression: Yes
     Compression Type: CCITT
     CCITT Group: 4
     Anti-Alias To Gray: No

     Compress Text and Line Art: Yes

FONTS ----------------------------------------
     Embed All Fonts: Yes
     Subset Embedded Fonts: No
     When Embedding Fails: Warn and Continue
Embedding:
     Always Embed: [ ]
     Never Embed: [ ]

COLOR ----------------------------------------
Color Management Policies:
     Color Conversion Strategy: Convert All Colors to sRGB
     Intent: Default
Working Spaces:
     Grayscale ICC Profile: 
     RGB ICC Profile: sRGB IEC61966-2.1
     CMYK ICC Profile: U.S. Web Coated (SWOP) v2
Device-Dependent Data:
     Preserve Overprint Settings: Yes
     Preserve Under Color Removal and Black Generation: Yes
     Transfer Functions: Apply
     Preserve Halftone Information: Yes

ADVANCED ----------------------------------------
Options:
     Use Prologue.ps and Epilogue.ps: No
     Allow PostScript File To Override Job Options: Yes
     Preserve Level 2 copypage Semantics: Yes
     Save Portable Job Ticket Inside PDF File: No
     Illustrator Overprint Mode: Yes
     Convert Gradients To Smooth Shades: No
     ASCII Format: No
Document Structuring Conventions (DSC):
     Process DSC Comments: No

OTHERS ----------------------------------------
     Distiller Core Version: 5000
     Use ZIP Compression: Yes
     Deactivate Optimization: No
     Image Memory: 524288 Byte
     Anti-Alias Color Images: No
     Anti-Alias Grayscale Images: No
     Convert Images (< 257 Colors) To Indexed Color Space: Yes
     sRGB ICC Profile: sRGB IEC61966-2.1

END OF REPORT ----------------------------------------

IMPRESSED GmbH
Bahrenfelder Chaussee 49
22761 Hamburg, Germany
Tel. +49 40 897189-0
Fax +49 40 897189-71
Email: info@impressed.de
Web: www.impressed.de

Adobe Acrobat Distiller 5.0.x Job Option File
<<
     /ColorSettingsFile ()
     /AntiAliasMonoImages false
     /CannotEmbedFontPolicy /Warning
     /ParseDSCComments false
     /DoThumbnails true
     /CompressPages true
     /CalRGBProfile (sRGB IEC61966-2.1)
     /MaxSubsetPct 100
     /EncodeColorImages true
     /GrayImageFilter /DCTEncode
     /Optimize true
     /ParseDSCCommentsForDocInfo false
     /EmitDSCWarnings false
     /CalGrayProfile ()
     /NeverEmbed [ ]
     /GrayImageDownsampleThreshold 1.5
     /UsePrologue false
     /GrayImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /AutoFilterColorImages true
     /sRGBProfile (sRGB IEC61966-2.1)
     /ColorImageDepth -1
     /PreserveOverprintSettings true
     /AutoRotatePages /None
     /UCRandBGInfo /Preserve
     /EmbedAllFonts true
     /CompatibilityLevel 1.2
     /StartPage 1
     /AntiAliasColorImages false
     /CreateJobTicket false
     /ConvertImagesToIndexed true
     /ColorImageDownsampleType /Bicubic
     /ColorImageDownsampleThreshold 1.5
     /MonoImageDownsampleType /Bicubic
     /DetectBlends false
     /GrayImageDownsampleType /Bicubic
     /PreserveEPSInfo false
     /GrayACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>
     /ColorACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>
     /PreserveCopyPage true
     /EncodeMonoImages true
     /ColorConversionStrategy /sRGB
     /PreserveOPIComments false
     /AntiAliasGrayImages false
     /GrayImageDepth -1
     /ColorImageResolution 150
     /EndPage -1
     /AutoPositionEPSFiles false
     /MonoImageDepth -1
     /TransferFunctionInfo /Apply
     /EncodeGrayImages true
     /DownsampleGrayImages true
     /DownsampleMonoImages true
     /DownsampleColorImages true
     /MonoImageDownsampleThreshold 1.5
     /MonoImageDict << /K -1 >>
     /Binding /Left
     /CalCMYKProfile (U.S. Web Coated (SWOP) v2)
     /MonoImageResolution 600
     /AutoFilterGrayImages true
     /AlwaysEmbed [ ]
     /ImageMemory 524288
     /SubsetFonts false
     /DefaultRenderingIntent /Default
     /OPM 1
     /MonoImageFilter /CCITTFaxEncode
     /GrayImageResolution 150
     /ColorImageFilter /DCTEncode
     /PreserveHalftoneInfo true
     /ColorImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /ASCII85EncodePages false
     /LockDistillerParams false
>> setdistillerparams
<<
     /PageSize [ 576.0 792.0 ]
     /HWResolution [ 600 600 ]
>> setpagedevice
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10
ec(M3, V) = Y (1) dim H] (H3, V)
i=0
for any local system V; on H3. We do this by using a stratification of H3 ® C
by a union of quasi-projective varieties X(G), where G is a finite subgroup of
SL(2, C) x C*, which acts on V.. By standard properties of the Euler characteristic
of local systems (see, e.g., [2], Theorem 5.13), we thus have

ec(H3, Vi) = Y eo(2(G)) dim(VY),
G

where e.(X(G)) is the topological Euler characteristic of X(G) and Vf is the
space of G-invariants. We determine e.(X(G)) via elementary topological argu-
ments and dim(Vf) via character theory. Getzler wrote down the generating series
of Euler characteristics in [6]. Since for genus 2 already the generating series are
unwieldy rational functions, we change tactics and give instead a short algorithm
that calculates these numbers efficiently.

This calculation is a step in the program to understand the motivic Euler char-
acteristic

10
> (=D[H](H3, V),

i=0

where [H! (H3, V)] is the class of the cohomology with compact support in the
Grothendieck ring of mixed Q-Hodge structures. The hope is that in analogy to the
genus 2 case (cf. [4]), one could use this motivic Euler characteristic to describe
properties of Siegel modular forms of genus 3, of which very little is known. In
Sect. 5, we provide some conjectural formulas of the motivic Euler characteristic
for specific low values of |A| based on calculations over finite fields.

We would like to thank both referees for their careful reading and their sug-
gestions.

Throughout the paper, ¢, denotes a primitive n-th root of unity.

2. Stabilizers of hyperelliptic curves

Let C be a hyperelliptic curve of genus 3 over the field of complex numbers C.
Then C is a degree two cover of P! with eight ramification points. It can be given
as a curve in the (X, Y)-plane by an equation of the form Y2 = f(X), where
f(X) is a polynomial in C[X] of degree 7 or 8.

The group SL(2, C) x C* acts on the (X, Y)-plane as follows. An element

(A, §) = ((‘; z) ,s) € SL(2,C) x C*

acts via
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A Xy ._<aX+b &Y )
4,8)-(X.¥) = cX+d (cX+d*)

Suppose that G < SL(2, C) x C* stabilizes C. Consider the image G’ of G under
the projection of SL(2, C) x C* onto SL(2, C). Clearly, G’ acts as a group of
rational transformations on the complex projective line. It also permutes the set
of ramification points of C. Note that the kernel of this action is the subgroup
generated by the central element —/. By the possible actions of G’ and the clas-
sification of finite subgroups of SL(2, C) (see [8]), one concludes by looking at
the size of the orbits that G’ must be isomorphic to one of the following groups:

i) the cyclic group C,, of order n = 2, 4, 14;
ii) the quaternionic group Qg, of order 4n = 8, 12, 16, 24, 32;
iii) the group O of symmetries of a cube.

For the purposes of what follows, we briefly recall the presentation of the
groups in 1), ii), iii) as subgroups of SL(2, C). Any cyclic group of order » in
SL(2, €) is conjugated to the group generated by the matrix

e, 0
0! )

Any quaternionic subgroup of order 4n, n > 2, is conjugated to the group with

generators
_(&wm O (01
S—(ng_nl) and U_(—IO)'

Finally, the group O is conjugated to the group generated by the matrices

-1 188 01
r=(a5) meov=(50)

Remarkably, the isomorphism type of G’ determines the structure of G up to a
small number of choices. Indeed, for any matrix A € G’ there exist two non-zero
complex numbers +£ such that

(2.1)

EY2 = (X +d) f (aX —l—b) ’

cX +d

ab
A= ( d).
u:G — C* A £
is a character of a one-dimensional representation of G’ because u(/) = 1. Thus,
the group G < SL(2, C) x C* contains all pairs (A, £u(A)), where A varies in

one of the groups G’ listed in 1), ii), iii), and u is a one-dimensional character of
G’ that satisfies (2.1). Hence, #G = 2#G’.

where

The assignment



370 G. Bini, G. van der Geer

As a consequence, there are only finitely many non-isomorphic groups G
which arise as possible stabilizers of genus 3 hyperelliptic curves. Each of them
induces a permutation action on a set of eight points in P!'. From this we can deduce
a normal form of curves which are stabilized by G. Examples and explicit com-
putations can be found, for instance, in [9]. There, the stabilizers are not described
as subgroups of PSL(2, C) x C*. It is however easy to verify a correspondence
between the two descriptions.

In Table 1 we list all possible groups in terms of G’ and u, the associated
normal form and the cycle structure of the action of G'. To this end, we need to
review some conventional notation from character theory. In general, we shall
denote by 1 the trivial character of G'. If G is the cyclic group of order n, there
are n — 1 nontrivial characters x* such that

g O
Xk((ogn_l))zeﬁ, l1<k<n-1.

On the other hand, the quaternionic group Qg, has only three non-trivial characters
of one-dimensional representations, namely:

X (xS | xW)
X0 1 —1
x+| —1) —i"
x—| —1 i"

The group O has a unique non-trivial 1-dimensional character p. Finally, a cycle
under the action of G’ will be denoted by (1”12™2...{™i...), This means that
there are m ; orbits of length j for j > 1.

Table 1. Groups and associated normal forms

Name | (G, u) normal form Y2 = f(X) Cycle
G (Ca, 1) X2— DX+ @ X0 1) | (18)
G» (C4, 1) X84+ X0+ b X+ b3X2 + 1 24
G3 (Qs. 1) X +aX2+ DX +oXt+1) | 49
Gy (Cs, x?) XX +d X* +dr X%+ 1) (1223
Gs (Q16, 1) X3+ fxt+1 8h
Ge (Qs, x0) (X=X +IX2+1) (2%41)
G7 (Q12, 1) XX +mX3+1) (213%)
Gg (03, x-) | X8-1 8hH
Gy (0,1) X8 +14X4+1 8hH
Gio (Qa. x-) | X(X0—1) 2'6h
Gy (Cua, x® | X7—1 (17t
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We remark that the normal forms in Table 1 are equivalent to the equations
given in [9], Table 3. For example, the map

—iX+i V8eg 142
X+1 " V21X +1*)’ ’

transforms the normal form associated with G¢ to

(X,Y)— (

YV2=XX>-DX*+LX*+1),

where L = —(12 + 2[)/(2 — [). Additionally, the character u changes too. How-
ever, this does not affect the calculation of e.(H3, V;) - see Sect. 4.

3. The stratification of 73

For each group G; in Table 1, define X; to be the locally closed sublocus of
‘H3 that contains all curves C whose stabilizer is exactly G;. As seen in Sect. 2,
the corresponding group G is a permutation group on a set of eight elements.
Therefore, the decomposition by automorphism groups described above gives a
stratification of H3, provided that the relation G; < G’j is interpreted as an inclu-
sion of permutation groups. In other words, G/ is a subgroup of G’j, and any set
of eight elements, which is permuted by G, can be decomposed in G/j—orbits. All
possible relations are displayed in the diagram below.

G
G)
G Gy
Gs Gg G
Gg Go Gio Gy

From this diagram, to be justified later, we also deduce information on the
strata ¥;. Actually, we have:
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(1) Hs = UL, =i
(2) T,NE; =0fori # j;
(3) X; € %, whenever G} < G’j.

Note also that the normal form corresponding to each stratum shows that all
the X;’s are irreducible quasi-projective varieties. As explained in Sect. 1, we
need to calculate the topological Euler characteristic e, of all the strata. Since
e.(H3) =1, we work out e(X;),i =2, ..., 10 and we deduce e.(Z1).

0-dimensional strata. The stratum X; fori = §, 9, 10, 11 is clearly O-dimen-
sional and irreducible, so its Euler number is 1.

1-dimensional strata. The strata corresponding to Gs, Gg, G7 are 1-dimen-
sional. Moreover, let us consider the following subsets of P!

O :={ef; 0 <k <7},
O = {0, 00, %1, £e3, +e2),
03 = {:l:al, :|:i0l1, :I:l/Oll, :i:i/O(l},

where «; is a root of the polynomial X> — (i + 1)X —i.

It is easy to verify that O is a Gg-orbit, a union of two G5-orbits and a union
of three Gg-orbits. On the other hand, O, is a union of three G’-orbits, a union
of three G-orbits and a union of two G',-orbits. Finally, O; is a full Gg-orbit,
a union of two G5-orbits and a union of three G/-orbits. This justifies the lower
row of directed edges in the above diagram.

As for the Euler number e, the following holds.

Proposition 3.1. The topological Euler characteristic of ¥;, i = 5, 6,7, is equal
to —2.

Proof. We just prove the statement for Xs, the other cases being similar. For
f € C — {£2}, consider the set of hyperelliptic curves C; with equation Y2 =
X8+ fX*41. By direct calculation, two such curves are isomorphic if and only if
fi = £ f>. (Indeed, the associated binary forms 7% + f;TU + U? are equivalent,
hence have the same discriminant fl.2 — 4.) Note that g and Xg are the isomor-
phism classes of C¢ and C4, respectively. Therefore, there exists an isomorphism
®: Xs5U Xy U X9 — C — {4} which maps the equivalence class of Cy to f2.
Accordingly, the topological Euler characteristic of Xs is —2. O

2-dimensional strata. As readily checked from Table 1, the strata correspond-
ing to G3 and G4 have dimension two. It is easy to deduce from the ramification
sets in P! that the following holds:

35 C §3, 3 C §3,
Y C Xy, 27 C 24

On the other hand, note that X5 does not lie in the closure of ¥4. Equiva-
lently, there is no set S of eight elements which is both a union of Gj-orbits and
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G-orbits. Indeed, any set S C P! has always two orbits of length one under the
action of G;. Conversely, the permutation action of G5 does not have any fixed
point.

Proposition 3.2. The topological Euler characteristic of 33 is 1.

Proof. The group G5 corresponds to the pair (G5, 1), where G is the quatern-

ionic group Q4 = C, x Cs. The group G} induces a permutation action on P! via

the group V,4 generated by the transformations x — —x and x — 1/x. Denote by

V4(x) the orbit of x under V. Note #V4(a) = 4 unless a € {0, 00, 1, —1, i, —i}.
We recall that the normal form associated with G35 is

V2= fX)=X*+aX>+ DX+ X>+ D). (3.1
Moreover, we have

{x 1 f(x) =0} = {£q1, £1/q1, £92, £1/q>}, (3.2

for distinct g1, g such that #Vi(q1) = #V4(g2) = 4. Note that ¢; = —g? — 1/g?
fori =1, 2.

Let {Y? = f;(X)} and {Y? = f»(X)} be two curves with stabilizer G3. They
are isomorphic if and only if there exists a rational transformation that maps
{z: filz) =0} to{z: fo(z) = 0}. All such transformations commute with the
elements of Vj4. Therefore, two curves are isomorphic if and only if there exists
an automorphism of P!/ V; which preserves the set E := {V (0), V (1), V (i)}, i.e.
the ramification set of P! — P!/ Vj. Observe that the map P! — P'/V, = P!
sends y to (y> + 1/y%)/2.

A curve C with equation (3.1) has a larger stabilizer than G35 if and only if
there exists M € SL(2, C) - not in G} - which induces a permutation of (3.2) and
a permutation of the set {0, oo, 1, —1, i, —i}. By direct inspection, there is only

one possible M, namely:
_ £y 0
m=(G )

In this case, M induces the automorphism x + ix on P! and the automorphism
7+ —z on P!/ Vj. Its fixed points on P!/ V, are V(0) and V (eg).

Now, it is possible to give an alternative description of X3, which contains all
curves whose stabilizer is exactly G3. Denote by A the diagonalin (P'/V, — E) x
(P'/ V4 — E). Define a group W; of tranformations of P!/ V, x P! / V as follows:
W, is generated by 7, which interchanges both factors and ¢, which simultaneously
multiplies both factors by i. Note that W, is isomorphic to the Klein four group.
Therefore, 33 can be parametrized as

(P'/Va—E) x (P'/Vs—E) — A —Z) / Wa,
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where
Z:={(V(a), V(ia) :a € (P'/Vs— E) — V(eg)}.

For the Euler number we get:

1
ec(X3) = Z((_l) x(DH-=DH-(=2) =1L

Proposition 3.3. The topological Euler characteristic of 4 is 1.

Proof. The group G corresponds to the pair (G}, x2), where G is cyclic of order
2. Now G/, induces a permutation action on P! via the transformation x > —x.
Denote by o (x) the orbit of x under such transformation.

We recall that the normal form associated with G4 is

V2= f(X) = XX+, X* + drX* + 1). (3.3)
Moreover, we have
{oo}U{z: f(z) =0} = {00, 0, xa, b, £c}

for some distinct a, b, ¢ € C*. Therefore, any equation of the form (3.3) corre-
sponds to the 5-point set {o(0), o(c0), o (a), o (b), c(c)} on the P! which para-
metrizes the orbits {o(x) : x € P!}.

Let {Y?> = fi(X)} and {Y> = f»(X)} be two curves with stabilizer Gj.
They are isomorphic if and only if there exists a rational transformation that maps
{oo}U{z : fi(z) =0} to{oo}U{z : f2(z) = 0} and fixes 0 and co. Such a transfor-
mation commutes with x — —x. Consequently, {Y> = f;(X)}and {Y? = f,(X)}
are isomorphic if and only if the associated 5-point sets are mapped one onto the
other by a rational transformation which preserves o (0) and o (00) and permutes
the other three points. In other words, an isomorphism class of curves with sta-
bilizer G4 defines an element in M, s/S3, where M, s is the moduli space of
rational 5-pointed curves and &3 is the symmetric group of degree three. Con-
versely, any element in M 5/G3 determines an equivalence class of curves with
stabilizer G4.

Note that elements in M 5/G3 can be written as (0, oo, 1, o (1), o (v)) for
some distinct u, v € P! — {0, 0o, £1}. If o (u)o (v) = 1, the corresponding curve
has a bigger stabilizer, so it is not an element of X4. As a consequence, this stratum
can be identified with M 5/G3 — Y, where Y is the image of

X :={(0,00,1,0(u), 1/om))} C Mos
under the quotient map onto M, 5/G3. Thus, we have

ec(Z4) = ec(Mo5/63) —ec(Y) =1 —ec(Y)
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and
e.(X) =6e.(Y) —r,

where r is the number of ramification points. Note that e.(X) = 2 — 4 = -2
since o (1) ¢ {0(0),0(i),o(1),o(c0)}. Additionally, »r = 2 since the quotient
map onto M 5/G3 is ramified over X when o (u) is the orbit of a primitive third
root of unity. Hence, the statement is completely proved. O

3-dimensional strata. There is only one 3-dimensional stratum, namely 3.
As readily checked, both X3 and X4 lie in the closure of X,.

Proposition 3.4. The topological Euler characteristic of ¥, is 2.

Proof. The group G, corresponds to the pair (G, 1), where G is cyclic of order

two. As in Proposition 3.3, G, induces a permutation action on P! via the transfor-

mation x — —x. Again, denote by o (x) the orbit of x under such transformation.
We recall that the normal form associated with G is

Y2 = f(X) = X3+ b, X0 + b X + b3 X? + 1. (3.4)
Moreover, we have

{z: f(@) =0} ={£p1, £p2, £p3 £ ps}

for some distinct py, p2, p3, p4 € C*. Therefore, any equation of the form (3.4)
corresponds to the 4-point set {o(p1), o(p2), 0(p3), o(ps)} on the P! which
parametrizes the orbits {o (x) : x € P'}.

Let {Y? = f;(X)} and {Y? = f>(X)} be two curves with stabilizer G,. They
are isomorphic if and only if there exists a rational transformation that maps
{z : fiz) = 0} to {z : f2(z) = 0}. All transformations preserve the cycle
structure of the group G. Consequently, {Y 2= fi(X)} and {Y? = f»(X)} are
isomorphic if and only if the associated 4-point sets are mapped one onto the other
by a rational transformation. In other words, equivalence of curves with equation
(3.4) corresponds to equivalence of 4-tuples of points in P! under the action of
SL(2, C) and the symmetric group of degree 4. Thus, an isomorphism class of
curves stabilized by G, defines a point in Mg 4/G4, where M, 4 is the moduli
space of 4-pointed rational curves and G4 is the symmetric group of order 4. Note
that e.(M.4/S4) = 1: see, for instance, [1].

We finally observe that X, is not the whole of My 4/&4. In fact, we need to
disregard all curves with extra automorphisms, i.e., the ones in lower dimensional
strata. Therefore.

10
ec(T) = ec(Moa/Ss) = Y ec(%i)
i=3
=1—-(-64+2+3)=2.
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Table 2. Some topological invariants of the strata ¥;.

i T[2[3[4] 5] 6] 7[8[9]10]11
dm(z) | 5|3 22| 1] 1] 1]0]0
(@) | =121 1| 2] =2=2]1]1] 1

— O

In Table 2, we list the dimension and the topological Euler characteristic of
all the strata in H3.

4. The calculation of e.(H3, V;)

Let y; : ¥; — H3 be the embedding of X; in H3. By the properties of the Euler
characteristic of local systems, we have

11
ee(M3, Vi) =Y e (T, 7] (V).
j=1
On the other hand, ylfk (V) is alocal system on X ; with respect to G ;. Hence,
(4.1) can be written as

11
ec(M3, Vi) = Y ec(T)) dim(Vy"),

j=1

where ij is the space of G j-invariants. In Sect. 3, we computed e (X ;). Now,
we work out the dimension of the corresponding invariant subspaces.

By definition, the fibre of the local system V; ¢ o) over a curve C is given by
the cohomology group H'(C; Q). V), is thus obtained from the Sp(6, Q)-mod-
ule V(; 0,0) by standard constructions in representation theory (cfr. [5], pp. 262).
Obviously, any group G in Table 1 acts on V; ¢ ¢. This action yields a homomor-
phism n : G — Sp(6, Q). Let (A, &) be an element in G, where A is a matrix
with eigenvalues a and a~!. By Corollary 3 in [6], the eigenvalues of n(g) are
given by

2 —2g—1 ) 261 —1
a 51 a s ’ a ’ a s ’ E’ S M
As a consequence, it is possible to compute the dimension of the G-invariant

subspace of V; by elementary character theory. More specifically, let J; be the
symmetric function

-1 —1 -1
Ja(xr, x2, x3) = hg(x1, X1, X2, X5, X3, X3 ),

where h, is the complete symmetric function of degree d in six variables. More-
over, for any {A = A; > Ap > A3 > 0}, we denote by J, the determinant of the
3 x 3 matrix whose i-th row is

(Jri—it2 ry—iv2 + i Jmiz + Jomic1).
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Table 3. The sets Y;

Yi {1,
Y, 1,1, G D
Y3 1,1, G D3
Y, (1, D), (i, 1)
Ys (1, 1), (e, D), (%, D), (i, 1)°
Ys (1, D), @G, 1), @G, i)?
Y, (1, 1), (e2,, D), (], 1), (i, 1)°
Ys | (1, 1), (e16, 1), (636, 1), (834, 1), (636, 1), (6%, 1), (e]g, 1), (i, D)%, (G, 1)°
Yy (1, D), (, D?, (e1,, D%, (e1,, D, (63, 13, (5, 13
Yio (1, 1), (e14, ‘9?4)’ (8124’ 5?4)7 (8?4, 8194)7 (8?4’ 8113)7 (8154a €14), (51647 5?4)
Yy (1, D), G, D (e, D%, (e1,, D, ek, 13, (. 13
Yy (1, 1), (e12, 1), (675, 1), (635, 1), (e}, 1), (i, D)%, (i, 1)?

By Proposition 24.22 in [5], the following holds:

1
dim (V) = = ) S a7%.6).

geG

For each of the groups G; we can list the pairs (a, &) that occur as g runs through
G. If (a, &) occurs, then (a, —£§), (—a, &) and (—a, —&) occur too. For each G;
in Table 3 we give a set Y; of cardinality #G; /4 of pairs (a, &) with multiplicity
(indicated by an exponent). The set Y; has the following property. If we replace
(a,&) € Y; by the 4 elements (+a, £&) we get all the pairs with multiplicity
corresponding to the g € G. This is indicated by the notation (+a, ££) € ;.

Theorem 4.1. The Euler characteristic e.(H3, V;) is given by

11

c Ei —
e, V=3 S S %),

i=1 I (ta,%E)eY,

where the Euler numbers e.(%;) and the sets Y; are given in Tables 2 and 3.

For example, the elements of the group G are (£I, £1). If A = (k, 0, 0), then
the contribution from this group yields

1
dim(V(Gk"O,O)) =7 {2h (1, 1,1, 1,1, 1) + 2k (—1, -1, -1, -1, —1, - 1)}
1(k+5
( ) (14 (=D").
k
In the following table we give the values of e.(H3, V) for all A of weight < 10.
Note that because of the hyperelliptic involution e.(H3, V;) = 0 if the weight is

odd. This gives us a first check on the Euler numbers obtained. Also the integrality
of the numbers gives a check.

2
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Table 4. Some values of e.(H3, V;)

(A1, A2, A3) | ec(H3, Vi) || (A1,A2,23) | ec(H3,V3)
(0,0,0) 1 5,2,1) —10
(2,0,0) -1 (4,40 -5
(1,1,0) 0 4,3,1) —4
(4,0,0) —1 4.2.2) -7
(3,1,0) 0 (3,3,2) -2
2,2,0) -1 (10,0,0) —17
2,1,1) 0 9,1,0) —22
(6,0,0) -5 (8,2,0) —43
(5,1,0) ) 8,1,1) -8
4,2,0) -5 (7,3,0) —34
4,1,1) 0 (7,2,1) -32
3,3,0) 0 (6,4,0) —-37
3,2,1) 0 (6,3,1) —26
(2,2,2) -3 (6,2,2) 27
(8,0,0) -7 (5,5,0) —6
(7,1,0) 3 (5.4,1) —2
(6,2,0) —13 (5,3,2) —12
(6,1,1) -2 4,4,2) —15
(5,3,0) —10 4,3,3) 0

5. Some remarks on the motivic Euler characteristic

For partitions of small degree || it is not unreasonable to expect that all coho-
mology of V, is Tate, i.e., that the motivic Euler characteristic

10

Ec(H3, Vi) =Y (=1)'[H](H3, V)]

i=0

is a polynomial in L, the Tate motive of weight 2. It is well known that
E.(H3,Vy) = L3, see [10] for the complex case. One can calculate the trace
of Frobenius on the £-adic variant of V, in characteristic p on H3 ® F,, by sum-
ming

> Te(F, Vi (HY) /#Autg, (C),
C

where C runs over a complete set of representatives of the [ ,-isomorphism classes
of hyperelliptic curves of genus 3 over IF,. We found that the following guesses
for the motivic Euler characteristic are compatible with the values of e.(H3, V;)
and with these traces for p = 3 and p = 5 and even for p = 2.
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Table 5. Conjectural motivic Euler characteristics

A E:(H3, V)
(0,0,0) L’
(2,0,0) -1
1,1,0) 0
4,0,0) L? -2
(3,1,0) L?—1
2,2,0 Lo+ L7—1
2,1, | LP—L*— L3+ 17
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